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Abstract 

Wick-type stochastic coupled KdV equations are researched. By means of Hermite 
transformation, white noise theory and modified tanh-coth method, four types of 
exact solutions to the stochastic coupled KdV equations are explicitly given.   
These solutions include the functional solutions of exponential type, hyperbolic 
type, trigonometric type, and quadratic trigonometric type. 

1. Introduction 

In this paper, we shall explore exact solutions for the following 
variable coefficients coupled KdV equations: 
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where ( ) ( ),, tqtp  and ( )tr  are bounded measurable or integrable functions 

on .+R  Random wave is an important subject of stochastic PDEs. Many 
authors have studied this subject. Wadati first introduced and studied the 
stochastic KdV equations and gave the diffusion of soliton of the KdV 
equation under Gaussian noise in [14] and others [5-8, 10, 12] also 
researched stochastic KdV-type equations. Xie first introduced Wick-type 
stochastic KdV equations on white noise space and showed the auto-
Bäcklund transformation and the exact white noise functional solutions 
in [17]. Furthermore, Chen and Xie [2-4] and Xie [18-23] researched some 
Wick-type stochastic wave equations by using white noise analysis 
method. Recently, Uğurlu and Kaya [13] gave the tanh function method, 
Wazzan [16] showed the modified tanh-coth method, and these methods 
have been applied to derive nonlinear transformations and exact 
solutions of nonlinear PDEs in mathematical physics. Many authors 
considered nonlinear wave PDEs, say, in two variables 

( ) ,0,,,,,, =…xxxxxxtxt uuuuuuA   (1.2) 

where A is a nonlinear function with respect to the indicated variables. 
Equation (1.2) can be converted to an ODE 

( ) ,0,,,, =′′′′′′ …uuuuB   (1.3) 

upon using a wave variable .tx µ−=ξ  Equation (1.3) is then integrated 
as long as all terms contain derivatives, where integration constants are 
considered zeros. The resulting ODE is then solved by the modified tanh-
coth method [16], which admits the use of a finite series of functions of 
the form 

( ) ( ) ( ) ( ),,
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and the Riccati equation 

,2YYY γ+β+α=′   (1.5) 
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where ,, βα  and γ  are constants to be prescribed later. The parameter M 

is a positive constant that can be determined by balancing the linear term 
of highest order with the nonlinear term in (1.3). Inserting (1.4) into the 
ODE in (1.3) and using (1.5) will give an algebraic equation in powers of 

Y. Since all coefficients of kY  must vanish, this will give a system of 
algebraic equations with respect to parameters .and kk ba  With the aid 

of Mathematica, we can determine .and kk ba  If Equation (1.1) is 

considered in a random environment, we can get stochastic coupled KdV 
equations. In order to give the exact solutions of stochastic coupled KdV 
equations, we only consider this problem in white noise environment. We 
shall study the following Wick-type stochastic coupled KdV equations: 
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and give white noise functional solutions, where ”“  is the Wick product 
on the Kondratiev distribution space ( ) ,1−S  which was defined in [9], 

( ) ( ),, tQtP  and ( )tR  are ( ) 1−S -valued functions. 

2. White Noise Functional Solutions  
of Equation (1.6) 

Taking the Hermite transform of Equation (1.6), we get the 
deterministic equations 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )




=−+
=+++

,0,,~,,~3,,~,,~
,0,,~,~,,~,,~,~,,~,,~,~,,~

ztxVztxUztxVztxV
ztxUztRztxVztxVztQztxUztxUztPztxU

xxxxt
xxxxxt  

(2.1) 

where ( ) ( )czzz NC∈= …,, 21  is a vector parameter. 

To look for the travelling wave solution of Equation (2.1), we make 

the transformations ( ) ( ) ( )( ) ( ) =ξϕ== :,,,,,,,~:,, ztxvztxztxUztxu  

( ) ( )( ),,,,,~ ztxvztxV ξ/=  
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with 

( ) ( ) ,,,,
0

cdzskxztx
t

++=ξ ∫ ττA  

where ,, sk  and c are arbitrary constants, which satisfy ( )zks ,,0 τA≠  is 

nonzero function of the indicated variables to be determined. So, Equation 
(2.1) can be changing into the form 

( ) ( ) ( ) ( )
( )




=′/ϕ−′′′/+′/

=ϕ ′′′+′//+ϕ′ϕ+ϕ′

,03,
,0,,,,

3

3

vkvkvzts
ztrkvvztkqztkpzts

A
A   (2.2) 

where ( ) ( ) ( ) ( ),,~:,,,~:, ztQztqztPztp ==  and ( ) ( ).,~:, ztRztr =  Consider-

ing homogeneous balance between ϕ′ϕϕ ′′′ ,  and vvv ′′′/′// ,  and v′/ϕ  in turn, 

gives ,2=M  hence we set the tanh-coth assumption by 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

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ξ+ξ+

ξ+ξ+=ξϕ=

−−
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,,,

,,,,,
,,,
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2
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1
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2
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2
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1
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2
210
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YztbYztb

YztaYztaztaztxu

 (2.3) 

where ( )ξY  satisfies the Riccati equation (1.5). 

Substituting (2.3) into (2.2) and using (1.5), collecting the coefficients 

of Y, all coefficients of kY  have to vanish, these yields a system of 
algebraic equations in ( ) ( ),2,1,,2,1,0, == kdbkca kkkk  and A  of 

the form 
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and 































=λ−

=λ−

=ρ−

=ρ−

=λ−+

=λ−+

=λ−+

=ρ−+

=ρ−+

=ρ−+

=ρ−+

/

/

/

/

//

//

//

//

//

//

//

,03

,03

,03

,03

,03

,03

,03

,03

,03

,03

,03

55
2

44
2

55
2

44
2

33
3

3

22
3

2

11
3

1

33
3

3

22
3

2

11
3

1

00
3

0

v

v

v

v

vv

vv

vv

vv

vv

vv

vv

Lk

Lk

Kk

Kk

kLkHs

kLkHs

kLkHs

kKkGs

kKkGs

kKkGs

kKkGs

A

A

A

A

A

A

A

  (2.5) 
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where 

 ,2,2,2, 23122121110 aGaaGaaGbaG γ=γ+β=β+α=γ−α= ϕϕϕϕ  

 ,2,2,2, 23122121110 cGccGccGdcG vvvv γ=γ+β=β+α=γ−α= ////  

( ) ( ) ,2,2,2 23122121 bHbbHbbH α−=α+β−=β+γ−= ϕϕϕ  

( ) ( ) ,2,2,2 23122121 dHddHddH vvv α−=α+β−=β+γ−= ///  

( ) ( ),22 12120
ϕϕϕϕϕ β+γγ+β+αα= HHGGK  

( ) ( ),2232 121231
ϕϕϕϕϕϕ β+αβ+++αα= GGGGK  

( ) ( ) ( ),2232233 12123232
ϕϕϕϕϕϕϕϕ β+αγ+γ+β+αβ+γ+βα= GGGGGGGK  

( ) ( ) ,12233232 3231233
ϕϕϕϕϕϕϕ αγ+γ+ββ+γ+β+αγ= GGGGGGK  

( ) ,12,12233 3
2

53234
ϕϕϕϕϕϕ γ=βγ+γ+βγ= GKGGGK  

( ) ( ),22 12120
vvvvv HHGGK ///// β+γγ+β+αα=  

( ) ( ),2232 121231
vvvvvv GGGGGK ////// β+αβ+γ+β+αα=  

( ) ( ) ( ),2232233 12123232
vvvvvvvv GGGGGGK //////// β+γ+γ+β+αβ+γ+βα=  

( ) ( ) ,12233232 3231233
vvvvvvv GGGGGK /////// α+γ+ββ+γ+β+αγ=  

( ) ,12,12233 3
2

53234
vvvvvv GKGGGK ////// γ=βγ+γ+βγ=  

( ) ( ),2232 121231
ϕϕϕϕϕϕ β+β+α+β+γγ= HHHHL  

( ) ( ) ( ),2232233 12123232
ϕϕϕϕϕϕϕϕ β+γα+α+β+γβ+α+βγ= HHHHHHHL  

( ) ( ) ,12233232 3231233
ϕϕϕϕϕϕϕ αγ+α+ββ+α+β+γα= HHHHHHL  



WHITE NOISE FUNCTIONAL SOLUTIONS … 85

( ) ,12,12233 3
2

53234
ϕϕϕϕϕϕ α=βα+α+α= HLHHL  

( ) ( ),2232 1212321
vvvvvv HHHHHhL ////// β+γβ+α+β+γ=  

( ) ( ) ( ),2232233 12123232
vvvvvvvv HHHHHHHL //////// +γα+α+β+γβ+α+βγ=  

( ) ( ) ,12233232 3231233
vvvvvvv HHHHHHL /////// αγ+α+ββ+α+β+γα=  

( ) ,12233 3234
vvvv HHHL //// βα+α+βα=  

,,12 221122110003
2

5
ϕϕϕϕϕϕ// ++++=ζα= GbGbHaHaGaHL vv  

,32211201101
ϕϕϕϕϕϕ ++++=ζ GbGbHaGaGa  

,, 1221303310211202
ϕϕϕϕϕϕϕϕϕ ++=ζ+++=ζ GaGaGaGbGaGaGa  

,, 32522314
ϕϕϕϕϕ =ζ+=ζ GaGaGa  

,12013221101
ϕϕϕϕϕϕ ++++=η GbGbHaHaHa  

,, 1221303110231202
ϕϕϕϕϕϕϕϕϕ ++=η+++=η HbHbHaHbGbHaHa  

,,, 2211221100032522314
vvvvvv GdGdHcHcGcHbHbHb //////ϕϕϕϕϕ ++++=ζ=η+=η  

,, 31021120232211201101
vvvvvvvvvvv GdGcGcGcGdGdHcGcGc /////////// +++=ζ++++=ζ  

,,, 325223141221303
vvvvvvvvv GcGcGcGcGcGc ///////// =ζ+=ζ++=ζ  

,, 11023120212013221101
vvvvvvvvvvv HdGdHcHcGdGdHcHcHc /////////// +++=η+++=η  

,,, 325223141221303
vvvvvvvvv HdHdHdHdHdHc ///////// =η+=η++=η  

,22112211000
vvvvv GbGbHaHaGa ///// ++++=ρ  

,32211201101
vvvvv GbGbHaGaGa ///// ++++=ρ  

,, 1221303310211202
vvvvvvv GaGaGaGbGaGaGa /////// ++=ρ+++=ρ  
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,,, 1201322110132522114
vvvvvvvv GbGbHaHaHaGaGaGa //////// ++++=λ=ρ+=ρ  

,, 1221303021131202
vvvvvvv HbHbHaGbHbHaHa /////// ++=λ+++=λ  

., 32522314
vvv HbHbHb /// =λ+=λ  

Case I. If we set 0,1 =γ=β=α  in (1.5), and use Mathematica to 

solve the resulting system, we will obtain the following set of solutions: 

,021210 ===== ccaaa  

( )( )

( )
( ),32,4,

32

333010
211

2
22

4

1

21

θ+θ−==
+

−+−+
=

θθ

qqdkb
rpk

rprpk
b q  

( ) ( )
( )

,
615516

7552711511,4
22

2
2

1
012

rprrpp
prrprprrpqc

q
d

−+++

+−+θ++−−+θ
=θ−=  

and ,
23

sq
pk−=A  where ( ) ( ) ,0,3,3 2

2
1 >+=θ+=θ qrpqirpik  and  

.03 >+ rp   

Substituting these values in (2.3) and ,1−= ξeY  we obtain functional 

solutions of exponential type 

( ) {
( ) ( )[ ] ( ) ( )

( )

( ) ( )[ ]
[ [ ( )] ] }2

12
,

,,4

1 41,,exp
,3,2

,3,7
,,

21

kztx
ztrztpk

ztrztpk
ztxu ztq

ztzt

+−ξ
+

−+
=

θθ

 

{ ( )[ ] } ,1,,exp 2
1

−−ξ ztx   (2.6) 

( )ztxv ,,1  

[ ( ) ( ) ( )][ ( ) ( ) ( )[ ] ( )]
( ) [ ( ) ( ) ( ) ( ) ( ) ( )]ztrztrztpztrztpztpztq

ztrztrztpztpztztztq
,6,,,15,,5,16

,,2,7,5,5,,11
22

21
−+++

++−+θ+θ
=  

{ ( ) [ ( ) ( ) ( )] [ ( )[ ] ]1,,exp,,,3,
2

121 −ξθ+θ−+ ztxztztztqztq  
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( )
( )}{ ( )[ ] } ,1,,exp,

,
4 2

11
−−ξθ− ztxzt

ztq
 (2.7) 

with 

( ) ( )
( ) .,

,,, 1
2

0
3

1 cdzq
zpkkxztx

t
+−=ξ ∫ τ

τ
τ  

Case II. If we set ,0,2
1 =β=α  and ,2

1−=γ  in (1.5), and use 

Mathematica to solve the resulting system, we will obtain the following 
set of solutions: 

[ ]
[ ] ,2

10313,0
2

0121121 kqpp
kqkpprkadccbaa

+
+−=======  

,3,3 2
0

3
22 q

rkckqp
rkdb =

+
−=−=  and ( )

( ) ,2
13 3

kqps
rpkk

+
−

=A  where .0≠pq  

Substituting these values in (2.3), ( ) ( ) ( )ξ±ξ=ξ cschcothY  and ( )ξY  

( ) ( ),sechtanh ξ±ξ= i  we obtain functional solutions of hyperbolic type 

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( )[ ]

( )
( ) ( )ztkqztp

ztrk
ztkqztpztp

ztkqztpkztrkztxu ,,
,3

,,,2
,10,313,,,

32
2 +

−
+

+−
=  

{ ( )[ ] ( )[ ]} ,,,csch,,coth 2
22

−ξ±ξ ztxztx   (2.8) 

( ) ( ) ( ) ( ) ( )[ ]
( ) ( ) ( )[ ]

( )
( ) ( )ztkqztp

ztrk
ztkqztpztp

ztkqztpkztrkztxu ,,
,3

,,,2
,10,313,,,

32
3 +

−
+

+−
=  

{ ( )[ ] ( )[ ]} ,,,sech,,tanh 2
22

−ξ±ξ ztxiztx   (2.9) 

( ) ( )
( )

( )
( ) ( )ztkqztp

ztrk
ztq

ztrkztxv ,,
,3

,
,3,,

32
2 +

+=  

{ ( )[ ] ( )[ ]} ,,,csch,,coth 2
22

−ξ±ξ ztxztx  (2.10) 

( ) ( )
( )

( )
( ) ( )ztkqztp

ztrk
ztq

ztrkztxv ,,
,3

,
,3,,

32
3 +

+=  
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{ ( )[ ] ( )[ ]} ,,,sech,,tanh 2
22

−ξ±ξ ztxiztx   (2.11) 

where 

( ) ( ) ( ) ( )
( ) ( ) .,,

,,12
3,, 2

0
3

2 czkqzp
dzpzrkkkxztx

t
+

+
−+=ξ ∫ ττ

τττ  

Case III. If we set ,0,1 =β=α  and ,1=γ  in (1.5), and use 

Mathematica to solve the resulting system, we will obtain the following 
set of solutions: 

( ) ,412,,0
2

012122120 pq
kikc

pq
iqaddcbbaa −=δ========   

,1 δ=c  and ,2 3

sq
pk−=A  where δ  is an arbitrary constant and .0>pq  

Substituting these values in (2.3), ( ) ( )ξ=ξ tanY  and ( ) ( ),cot ξ−=ξY  

we obtain functional solutions of trigonometric type 

( ) ( )
( ) ( )

( )[ ],,,tan
,,

,,, 34 ztx
ztqztp

ztiqztxu ξ
δ

=   (2.12) 

 ( ) ( )
( ) ( )

( )[ ],,,cot
,,

,,, 35 ztx
ztqztp

ztiqztxu ξ
δ

−=   (2.13) 

 ( ) ( )
( ) ( )

( )[ ],,,tan
,,

412,, 3
2

4 ztx
ztqztp

kikztxv ξδ+−=   (2.14) 

 ( ) ( )
( ) ( )

( )[ ],,,cot
,,

412,, 3
2

5 ztx
ztqztp

kikztxv ξδ−−=   (2.15) 

where 

( ) ( )
( ) .,

,2,,
0

3
3 cdzq

zpkkxztx
t

+−=ξ ∫ τ
τ
τ  

Case IV. If we set ,0,1 =β=α  and ,4=γ  in (1.5), and use 

Mathematica to solve the resulting system, we will obtain the following 
set of solutions: 
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  ,02101211 ======= ddccbba  

[ ( )] ,64,384
40931633

32 2
2

2
0 kaprkp

kka =−
+

+=  

( ) ,204868362
2 q

rpikc +=  and ( ) [ ],128
4093483

3
prks

k −
+

=A  

where 0≠q  and .02048683 >+ qrp   

Substituting these values in (2.3), ( ) ( )ξ=ξ 2cot2
1Y  and ( ) ( ),2tan2

1 ξ=ξY  

we obtain functional solutions of quadratic trigonometric type 

( ) { ( ) [ ( ) ( )]}ztpztrztkp
kkztxu ,384

4093,16,33
32,, 2

6 −
+

+=  

 [ ( )],,,2cot16 4
22 ztxk ξ+   (2.16) 

( ) { ( ) [ ( ) ( )]}ztpztrztkp
kkztxu ,384

4093,16,33
32,, 2

7 −
+

+=  

[ ( )],,,2tan16 4
22 ztxk ξ+   (2.17) 

( ) ( ) ( )[ ]
( ) ( )[ ],,,2cot,

,2048,6836
4,, 4

2
2

6 ztxztq
ztrztpikztxv ξ

+
=   (2.18) 

( ) ( ) ( )[ ]
( ) ( )[ ],,,2tan,

,2048,6836
4,, 4

2
2

7 ztxztq
ztrztpikztxv ξ

+
=   (2.19) 

where 

( ) [ ( ) ( )] .,128
4093,483,,

0

3
4 cdzpzrk

kkxztx
t

+−
+

+=ξ ∫ τττ  

Lemma 2.1 [9]. Suppose ( )ztxu ,,  is a solution (in the usual strong, 

pointwise sense) of Equation (2.1) for ( )tx,  in some bounded open set 

,+×⊂ RRG  and for all ( )nKz m∈  for some m and n. Moreover, suppose 

that ( )ztxu ,,  and all its partial derivatives, which are involved in 

Equation (2.1), are (uniformly) bounded for ( ) ( ),,, nKGztx m×∈  

continuous with respect to ( ) Gtx ∈,  for all ( )nKz m∈  and analytic with 
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respect to ( )nKz m∈  for all ( ) ., Gtx ∈  Then, there exists ( ) ∈txU ,  ( ) 1−S  

such that ( ) ( ) ( )ztxUztxu ,~,, =  for all ( ) ( )nKGztx m×∈,,  and ( )txU ,  

solves (in the strong sense in ( ) 1−S ) Equation (1.6) in ( ) .1−S  

From Lemma 2.1, we know that there exists ( ) ( ) 1, −∈ StxU  such that 

( ) ( ) ( )ztxUztxu ,~,, =  for all ( ) ( ),,, nKGztx m×∈  where ( )txU ,  is the 

inverse Hermite transformation of ( ).,, ztxu  Consequently, ( )txU ,  

solves Equation (1.6), therefore, the white noise functional solutions of 
(1.6) are as follows: 

2.1. White noise functional solutions of exponential type 

For ( ) 0>tQ  and ( ) ( ) ,03 >+ tRtP  we have that the solutions of (1.6) 

are the following: 

( ) {[ ( ) ( )[ ] ( ) ( ) ( ) ( ) ] [ ( ) ( )[ ] ( ) ]1
221

4
1 3

2
137, 2

1 −− +ΘΘ−+=   tRtP
k

tQtttRtPktxU  

[ [ ( )] ] } { [ ( )] } ,1,exp41,exp 2
1

2
1

−−Ξ+−Ξ txktx     (2.20) 

( ) [ ( )
( ) ( ) ( )] [ ( ) [ ( ) ( ) ( )]tRtRtPtPtttQtxV 227551116

1, 211 2
1

+++−+Θ+Θ= 
  

( )] ( )( ) [ ( ) ( ) ( ) ( ) ( )tRtPtRtPtPtQtR   +++− 155 21  

( )] ( ) { ( ) ( ) [ ( ) ( ) ( ) ( )]tttQtQtR 21
112 2

1
326 Θ+Θ−+− −− 

  

[ [ ( ) ] ( )
( ) ( )} { [ ( )] } ,1,exp41,exp 2

111 2
1

−−
−ΞΘ−−Ξ txttQtx     

(2.21) 

with ( ) [ ( ) ( )] ( ) ( ) [ ( ) ( ( ) ( ))] ( ),3,3 2
1

2
1 2

2
2

1
  tRtPtQikttRtPikt +=Θ+=Θ  

and 

( ) ( ) ( )( ) .,,,, 1
12

0
3

1 cdzQzPkkxztx
t

+−=Ξ −∫ τττ    
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2.2. White noise functional solutions of hyperbolic type 

For ( ) ( ) ,0≠tQtP   we have that the solutions of (1.6) are the 
following: 

( ) ( ) [( ) ( ) ( )] [ ( ) ( ) ( )] ( )122
2 103132

1, −++−=   tQtkPtPtkQtPktRktxU  

( ) [ ( ) ( )] ( )133 −+−  tkQtPtRk  

{ [ ( )] [ ( )]} ( ),,csch,coth 2
22

−Ξ±Ξ  txtx  (2.22) 

( ) ( ) [( ) ( ) ( )] [ ( ) ( ) ( )] ( )122
3 103132

1, −++−=   tQtkPtPtkQtPktRktxU  

( ) [ ( ) ( )] ( )133 −+−  tkQtPtRk  

{ [ ( )] [ ( )]} ( ),,sech,tanh 2
22

−Ξ±Ξ  txitx  (2.23) 

( ) ( ) ( ) ( )( ) ( ) [ ( ) ( )] ( )1312
2 33, −− ++=   tkQtPtRkttQtRktxV  

{ [ ( )] [ ( )]} ( ),,csch,coth 2
22

−Ξ±Ξ  txtx   (2.24) 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )[ ] ( )1312
3 33, −− ++=   tkQtPtRkttQtRktxV  

{ [ ( )] [ ( )]} ( ),,sech,tanh 2
22

−Ξ±Ξ  txitx   (2.25) 

with 

( ) ( ) ( ) ( ) ( ) ( )[ ] ( ) .12
3, 2

1
0

3
2 cdkQPPRkkkxtx

t
++−+=Ξ −∫ τττττ   

2.3. White noise functional solutions of trigonometric type 

For ( ) ( ) ,0>tQtP   we have that the solutions of (1.6) are the 
following: 

( ) ( ) ( ) ( )[ ] ( ) [ ( )],,tan, 34 2
1

txtQtPtiQtxU Ξδ= −    (2.26) 
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( ) ( ) ( ) ( )[ ] ( ) [ ( )],,cot, 35 2
1

txtQtPtiQtxU Ξδ−= −    (2.27) 

( ) ( ) ( ) ( )[ ] ( ) [ ( )],,tan412, 3
2

4 2
1

txtQtPkiktxV Ξδ+−= −    (2.28) 

( ) ( ) ( ) ( )[ ] ( ) [ ( )],,cot412, 3
2

5 2
1

txtQtPkiktxV Ξδ−−= −    (2.29) 

with 

( ) ( ) ( )( ) .,,,, 3
1

0
3

3 cdzQzPkkxztx
t

+−=Ξ −∫ τττ   

2.4. White noise functional solutions of quadratic trigonometric type 

For ( ) ( ) ( )[ ] ( )( ) ,02048683and0 1 >+≠ − tQtRtPtQ   we have that the 

solutions of (1.6) are the following: 

( ) { ( )[ ] ( ) [ ( ) ( )]}tPtRtkPkktxU 384
40931633

32, 12
6 −++= −   

[ ( )],,2cot16 4
22 txk Ξ+    (2.30) 

( ) { ( )[ ] ( ) [ ( ) ( )]}tPtRtkPkktxU 384
40931633

32, 12
7 −++= −   

[ ( )],,2tan16 4
22 txk Ξ+    (2.31) 

( ) ( ) ( )[ ] ( ) ( ) ( ) [ ( )],,2cot20486834
6, 4

2
2

6 2
1

2
1

txtQtRtPiktxV Ξ+= −    

(2.32) 

( ) ( ) ( )[ ] ( ) ( ) ( ) [ ( )],,2tan20486834
6, 4

2
2

7 2
1

2
1

txtQtRtPiktxV Ξ+= −    

(2.33) 

with 
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( ) [ ( ) ( )] .128
4093483, 4

0

3
4 cdPRk

kkxtx
t

+−
+

+=Ξ ∫ τττ  

We observe that for different forms of ( ) ( ),, tQtP  and ( ),tR  we can 
get different solutions of (1.6) from (2.20)-(2.33). 

3. Remark 

Let ( ) ( )tBtW �=  be the Gaussian white noise, where ( )tB  is the 

Brownian motion. We have the Hermite transform ( ) ∫∑∞
=

=
t

ii zztW
01,~  

( ) .dssiη  Since ( )[ ] [ ( ) ],2expexp 2ttBtB −=  we have ( )[ ] tantan =tB  

[ ( ) ] ( )[ ] [ ( ) ] ( )[ ] [ ( ) ],2tanhtanh,2cotcot,2 222 ttBtBttBtBttB −=−=− 

( )[ ] [ ( ) ] ( )[ ] [ ( ) ],2sechsech,2cothcoth 22 ttBtBttBtB −=−=   and  

( )[ ] [ ( ) ].2cschcsch 2ttBtB −=  Suppose ( ) ( ) ( )tQtRtP 1σ==  and ( )tQ  

( ) ( ),2 tWtq σ+=  where 21 and σσ  are arbitrary constants and ( )tq  is 

integrable or bounded measurable function on .+R  The white noise 

functional solutions of (1.6) are as follows: 

( ) ( ) ( [ ( )] )
( [ ( )] )

,
1,exp

41,exp114, 2
1

2
1

2
8

−Γ

+−Γ−
=

tx
ktxkktxU   (3.1) 

( ) {[ ] [ ( ) ( )] [ ( ) ( )]22
2
1211

2
8 1236208, tWtqtWtqiktxV σ+σ−σ+σ−σ=  

[ ( )]
( [ ( )] )

},
1,exp

,exp
2

1

1
−Γ

Γ
−

tx
tx   (3.2) 

with 

 ( ) [ ( ) ( ) ] ,2, 1
2

2
2

0
2
1

3
1 cttBdqkkxtx

t
+

σ
−σ+σ−=Γ ∫ ττ  

( ) [( ) ]
( ) k

k
k

kkktxU
+σ
σ

−
+σ

+σ−
=

1
1

2

1
1

2
9

3
2

10313,  
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{ [ ( )] [ ( )]},,csch,coth 22 txtx Γ±Γ   (3.3) 

( ) [( ) ]
( ) k

k
k

kkktxU
+σ
σ

−
+σ

+σ−
=

1
1

2

1
1

2
10

3
2

10313,  

{ [ ( )] [ ( )]},,sech,tanh 22 txitx Γ±Γ  (3.4) 

( ) { [ ( )] [ ( )]},,csch,coth33, 22
1

1
3

1
2

9 txtxk
kktxV Γ±Γ
+σ
σ

+σ=   (3.5) 

( ) { [ ( )] [ ( )]},,sech,tanh33, 22
1

1
3

1
2

10 txitxk
kktxV Γ±Γ
+σ
σ

+σ=   (3.6) 

with 

( ) ( )
( ) [ ( ) ( ) ] ,22

13, 2
2

2
2

01

32
1

2 cttBdqk
kkkxtx

t
+

σ
−σ+

+σ
−σ

+=Γ ∫ ττ  

( ) [ ( )],,tan, 3
1

11 txitxU Γ
σ
δ=   (3.7) 

( ) [ ( )],,cot, 3
1

12 txitxU Γ
σ
δ−=   (3.8) 

( ) ( )
[ ( ) ( )]

[ ( )],,tan412, 3
21

2
11 tx

tWtq
kiktxV Γδ+

σ+σ
−

=   (3.9) 

( ) ( )
[ ( ) ( )]

[ ( )],,cot412, 3
21

2
12 tx

tWtq
kiktxV Γδ−

σ+σ
−

=   (3.10) 

with 

( ) ,2, 31
3

3 ctkkxtx +σ−=Γ  

( ) [ ( ) ( )]
[ ( ) ( )] [ ( )],,2cot163

2045
3
32, 4

22
21
212

13 txktWtqk
tWtqkktxU Γ+









σ+σ+
σ+σ

−=  

(3.11) 
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( ) [ ( ) ( )]
[ ( ) ( )] [ ( )],,2tan163

2045
3

32, 4
22

21
212

14 txktWtqk
tWtqkktxU Γ+









σ+σ+
σ+σ

−=  

(3.12) 

( ) [ ( )],,2cot163862, 4
2

1
2

13 txiktxV Γσ=   (3.13) 

( ) [ ( )],,2tan163862, 4
2

1
2

14 txiktxV Γσ=   (3.14) 

with 

( ) ( ) [ ( ) ( ) ] .23128
2051, 4

2
2

2
0

3
1

4 cttBdqk
kkxtx

t
+

σ
−σ+

+
σ

+=Γ ∫ ττ  

4. Summary and Discussion 

We have discussed the solutions of SPDEs driven by Gaussian white 
noise. There is a unitary mapping between the Gaussian white noise 
space and the Poisson white noise space. This connection was given by 
Benth and Gjerde [1]. We can see in the Subsection 4.9 [9] clearly. Hence, 
by the aid of the connection, we can derive some stochastic exact soliton 
solutions if the coefficients ( ) ( ),, tQtP  and ( )tR  are Poisson white noise 
functions in Equation (1.6). In this paper, using Hermite transformation, 
white noise theory, and modified tanh-coth method, we study the white 
noise solutions of the Wick-type stochastic coupled KdV equations. This 
paper shows that the modified tanh-coth method is sufficient to solve the 
stochastic nonlinear equations in mathematical physics. The method 
which we have proposed in this paper is standard, direct, and 
computerized method, which allows us to do complicated and tedious 
algebraic calculation. It is shown that the algorithm can be also applied to 
other NLPDEs in mathematical physics such as modified Hirota-Satsuma 
coupled KdV, KdV-Burgers, modified KdV-Burgers, Sawada-Kotera, 
Zhiber-Shabat equations, and Benjamin-Bona-Mahony equations. Since 
the Riccati equation has other solutions if select other values of ,, βα  and 

,γ  there are many other exact solutions of variable coefficients and Wick-
type stochastic coupled KdV equations. 
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